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1. PROOF THAT 1 = 2

Start with z = 2

Multiply by = — 1
x(r—1)=2(zx—1)
Expand the parentheses
Tr—r =21 — 2

Subtract x from both sides
Tr—2xr=x— 2

Factor x

x(xr—2)=z-2

Cancel x — 2

r=1

We just “proved” that if x = 2, then x = 1.
What went wrong?

3. THE FRACTION BAR

One time I was teaching a probability course
at NIU.

I made the statement that the probability of
getting heads on one toss of a fair coin is

1

2
Later, during office hours, a student came by
and asked me
“What does the bar between the 1 and the 2
mean?”
Question: What would you say to this stu-
dent?

2. THE ERROR

When we canceled z — 2 in the equation
x(r—2)=z-2,

we divided by 0, since x = 2.
Everyone knows:

NOT

YOU CAN
DIVIDE BY ZERO!!

4. SOME OBSERVATIONS

Observation 1: This student, no doubt, went
through many frustrating years of mathemat-
ics without a basic understanding of what a
fraction is.

Observation 2:  Public education really
harmed this student, by passing him from
grade to grade, without spotting his lack of
basic comprehension.



5. DIFFERENT WAYS TO WRITE FRACTIONS

The truth is that there is no particular reason
why we write fractions the way we do, using a
horizontal bar to separate the numerator from
the denominator.
We could use a slash, a divides symbol, a ver-
tical bar, or a colon.
For example, the fraction one half could be
written as
: 1/2 1+2  1]2 1:2
or even as the ordered pair (1,2)

a

In this last notation, the fraction § is written
as the ordered pair (a,b).

7. EQUIVALENT FRACTIONS

We know that % = 5 when ad = be

So in ordered pair notation

(a,b) = (¢,d) when

Remember: (a,b) denotes the fraction §.

9. ZERO

We designate the number 0 to be the fraction
(0,1)

What ordered pairs (a,b) are equivalent to
(0,1) ?

If (a,b) = (0,1), then

a-1=0-0=0.

In general (0,b) = (0,1)

for any choice of b # 0.

11. RECIPRICOLS

a . b
We know that the reciprocal of 7 is —.

a
In ordered pair notation:

the reciprocal of (a,b) is (b, a).

Notice that according to our formula for mul-
tiplying fractions,

(a,b) x (b,a) = (ab,ba) = (1,1),

according to our formula for equivalent frac-
tions

6. USING ORDERED PAIRS

If we use ordered pairs to write fractions, what
are some of the algebraic rules?

How do we multiply fractions (a,b) x (¢, d) ?
How do we add fractions (a, b) + (¢,d) ?

How do we know when two fractions are the
same ?

For example, (14,21) = (2, 3).

8. EXAMPLES

(14,21) = (2,3) because 14 x 3 =21 x 2 =42
Show that

(8,6) = (20, 15)

What is the smallest value of b for which
(a,b) = (20,15) 7

Make up your own example.

10. ONE
We designate the number 1 to be the fraction

(1,1)

What ordered pair are equivalent to (1,1)?
If (a,b) = (1,1), then

a-1=5b-1,

or a=>b.

Thus (a,a) = (1,1) for any choice of a # 0.

12. EXAMPLES

The reciprocal of (2,3) is (3,2) because
(2,3) x (3,2) = (6,6) = (1,1)

What is the reciprocal of

(9,11) ?

Why ?



13. ELEPHANT IN THE ROOM

Now comes the big question:

Why can’t the second coordinate be 0 7
After all, it’s perfectly fine for an ordered pair
(x,y) on a graph to have y = 0.

This just means the point lines on the y—axis.

15. (0,0)

What ordered pairs (a,b) are equivalent to
(0,0)?

If (a,b) = (0,0), then

a-0=1>0-0.

But the equation 0 = 0 is always true.

That is, every fraction (a, b) equals (0, 0).
What’s wrong with that?

For starters, it means that there is only one
fraction in our system, (0,0).

We need to BANISH (0, 0).

It’s gotta go.

17. GRAPH OF y = =

(35-20)
Plot some points.
. Label the points.
(75-10)

Connect the dots.

14. (1,0)
What ordered pairs (a,b) are equivalent to

(1,0)?

If (a,b) = (1,0), then
a-0=>b-1.

So b=0.

The answer is (a,0) = (1,0)

for any choice of a # 0.

This looks very similar to our analysis for
(0,1).

16. (1,0)

The problem is allowing (1,0) is that when we
multiply it by (0, 1) we get

(170) x (07 1) = (O’())v

which has been banished.

We need to BANISH all ordered pairs (a, 0).
The denominator b in the fraction (a, b) CAN-
NOT BE 0.

We also restrict our statement that the recip-
rocal of (a,b) is (b, a) to those fractions where
a # 0.

That is, 0 has no reciprocal.

18. BEHAVIOR OF y = 1/x

Note that as = gets very close to 0 (on the
positive side),

1
— gets larger and larger.
x

1
Mathematicians say that — increases without
x
bound
or that — approaches infinity.
x



19. INTRODUCING 00

Some mathematicians allow the expression
(1,0).

They call it “the point at infinity” or just oo,
for short.

Although (1,0) is not a legitimate fraction,
the arithmetic works provided we do not mul-
tiply it by (0,1).

The equation (5,1) x (0,1) = (0,1)

just says 5 times infinity is still infinity.

20. REFLECTIONS ABOUT INFINITY

When we allow oo = (1,0), the resulting sys-
tem is called the extended fractions.

Many people seem drawn to the concept of
infinity.

There is a car company called Infiniti.

There will never be a car company called
Square Root

or Logarithm.



