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So far we have commited two deadly mathematical
sins:
1. Adding the numerators and denominators of two
fractions.
2. Dividing by zero.
In this section we will commit a third deadly sin:
3. Taking the square root of a negative number.
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has many interesting uses, even though
it looks like we are adding the fractions incorrectly.



Dividing by 0

We have seen that the point at infinity

∞ =
1

0



Dividing by 0

We have seen that the point at infinity

∞ =
1

0

extends our number system, even though



Dividing by 0

We have seen that the point at infinity

∞ =
1

0

extends our number system, even though it violates
the commandment



Dividing by 0

We have seen that the point at infinity

∞ =
1

0

extends our number system, even though it violates
the commandment
Thou shall not divide by 0.
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Signed numbers

When you first start working with negative numbers,
you are told
Negative × Negative = Positive
Why?
Answer 1: It’s the law!
Answer 2: It has a proof.
Answer 3: Simple illustration of good and evil.
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The proof

We need the distributive law
(x+ y)× z = xz + yz
and the rule for multiplying by 0
x · 0 = 0
xy + (−x)y = (x+−x)y = 0 · y = 0
(−x)y + (−x)(−y) = (−x)(y +−y) = (−x) · 0 = 0
So (−x)y + (−x)(−y) = xy + (−x)y
since both sides are 0.
Cancel the term (−x)y to get

(−x)(−y) = xy
That was pretty boring, but it did get the job done.
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Good and Evil
We think of good people as positive and bad people as
negative.
We also think of an increase in population as positive,
a decrease is negative.
When good people move into your neighborhood, the
net result is positive.
It is a good thing.
When good people move out of your neighborhood,
the net result is negative.
Similarly When bad people move into your
neighborhood, the result is negative.
But when bad people move out of your neighborhood,
the net result is positive.
Negative (bad people) times Negative (move out) is
Positive.
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Squares cannot be negative

A consequence of that fact that pos × pos = pos and
neg × neg = pos is that all squares are ≥ 0.

Think about x2.
If x is positive then so is x2.

But if x is negative then x2 is positive, since the
product of two negatives is positive.
The only case we are omitting is x = 0 and we know

02 = 0.
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Plot some points.
Connect the dots.
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Another deadly sin

Since all squares are positives, another deadly sin is to
take the square root of a negative.

That is,
√
−1 is impossible.

Or is it?
Suppose we imagine that there is a number i with the

magical property that i2 = −1.
i cannot be a real number, because the square of any
real numbers is always ≥ 0.
So i must be a number that lives in our imagination.
Hence the letter “i” for “imaginary.”
Aren’t all numbers imaginary in that they live in our
minds?
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Some FOIL Magic

Using FOIL,

(a+ bi)(a− bi) = a2 − abi+ abi− (bi)(bi)
= a2 − b2i2

= a2 − b2(−1) since i2 = −1
= a2 + b2
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Factoring Primes

This means that we could actually factor prime
numbers if we can write them as sums of two squares.
Write 13 as a sum of two squares.

13 = 22 + 32

Now use the formula for factoring a2 + b2

13 = (2 + 3i)(2− 3i)
We just factored the prime 13.
But by definition, primes are supposed to be numbers
that you cannot factor.
What’s up with that?
Does this method work for the prime 7?
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ACTIVITY: Primes up to 100

The following table lists the primes up to 100.

2 3 5 7 11

13 17 19 23 29

31 37 41 43 47

53 59 61 67 71

73 79 83 89 97

Which of these primes can be written as a sum of two
squares and which cannot?
Write your answer in two lists:
In the first list, write all primes (like 13) which can be
written as a sum of two squares.
In the second list, write all primes (like 7) which
cannot be written as a sum of two squares.
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DISCOVERY: General Rule
Based on your two lists,
Can you find a way to tell whether or not a prime is a
sum of two squares?
The Math Dept phone number 8157530567 is a prime.
Is it a sum of two squares.
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