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1. Definition of Derivative

The derivative of the function f(x) is defined to be

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

2. Derivative of a constant function

Suppose f(x) = c, a constant.

To find f ′(x):

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

c− c

h

= lim
h→0

0

h

= lim
h→0

0

= 0

3. Two familiar functions

We have used the limit definition to evaluate the derivative of the following
two functions.

Let f(x) = x.

Then f ′(x) = 1.
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The line y = x has slope 1. It is not surprising that the tangent line to the
line y = x also has slope 1.

Let f(x) = x2.

Then f ′(x) = 2x.

4. Expanding cubes

We will need to expand (x+ h)3

(x+ h)3 = (x+ h)(x+ h)2

= (x+ h)(x2 + 2xh+ h2)

=
x3+2x2h +xh2

x2h+2xh2+h3

= x3 + 3x2h+ 3xh2 + h3

5. Derivative of x3

By the definition of derivative, for f(x) = x3:

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

(x+ h)3 − x3

h

= lim
h→0

(x3 + 3x2h+ 3xh2 + h3)− x3

h

= lim
h→0

3x2h+ 3xh2 + h3

h

= lim
h→0

(3x2 + 3xh+ h2)h

h

= lim
h→0

3x2 + 3xh+ h2

= 3x2 + 3x · 0 + 02 = 3x2
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6. Table of Derivatives

f(x) f ′(x)
x 1
x2 2x
x3 3x2

x4 4x3

x5 5x4

x6 6x5

POWER RULE: the derivative of xn is nxn−1

7. Warning

• Knowing the power rule does not mean you know calculus
• Any more than knowing the quadratic formula means you know algebra
• But it is a start and . . .
• It is safe to say that you cannot know calculus if you do not know the
power rule

8. Time Out for Notation Update

• It is awkward to say “the derivative of xn is nxn−1”
• Using the prime notation for derivatives, we could write
•
(

xn
)

′

= nxn−1”
• But most mathematicians prefer to use an alternative notation due to
the Leibnitz, one of the co-inventors of calculus, along with

• Issac Newton, who favored the prime notation

9. Leibnitz Notation

• In the Leibnitz notation, if y = f(x), then the derivative of f(x) is

written
dy

dx

• or sometimes
d

dx
y
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• or even
d

dx
f(x)

• Thus the power rule can be expressed as

d

dx

(

xn
)

= nxn−1

10. Which Notation should you use

• As a rule of thumb, the prime notation is best when working with
generic functions: f , g, etc.

• The Leibnitz notation is best when working with letters which represent
physical quantities.

• For example, in the formula A = πr2

– A stands for area (of a circle)
– r stands for radius
– π is the number 3.1415926 . . .

• The formula
dA

dr
= 2π r tells us

• the area is increasing by a factor of 2π times the radius

11. Negative and Fractional Powers

Many important function in algebra can be written as powers if we allow
negative exponents or fractional exponents.

For example

1

x
= x−1

1

x2
= x−2

√
x = x1/2

12. New Uses for the Power Rule

The good news is that the power rule still holds true when the exponent is
negative or a fraction. Thus,
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d

dx

(1

x

)

=
d

dx
x−1 = (−1)x−2

d

dx

( 1

x2

)

=
d

dx
x−2 = (−2)x−3

d

dx

(√
x
)

=
d

dx
x1/2 =

1

2
x−1/2


