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1. Sine Substitution

For integrals involving
√
a2 − x2, let

x = a sin θ

Then
√
a2 − x2 =

√

a2(1− sin2
θ)

=
√

a2(cos2 θ)

= a cos θ

and

dx = a cos θ dθ

2. Example 1.

Evaluate
∫

dx

x2
√
9− x2

Our substitution is

x = 3 sin θ
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3. Tangent Substitution

For integrals involving
√
a2 + x2, let

x = a tan θ

Then
√
a2 + x2 =

√

a2(1 + tan2 θ)

=
√

a2(sec2 θ)

= a sec θ

and

dx = a sec2 θ dθ

4. Example 2.

Evaluate
∫

dx
√
4x2 + 1

Our substitution is

x = 1

2
tan θ

5. Example 3.

Evaluate
∫

dx

(x2 + 1)3/2

Our substitution is

x = tan θ

6. Secant Substitution

For integrals involving
√
x2 − a2, let
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x = a sec θ

Then
√
x2 − a2 =

√

a2(sec2 θ − 1)

=
√

a2(tan2 θ)

= a tan θ

and

dx = a sec θ tan θ dθ

7. Example 4.

Evaluate
∫

2

√

3

√
x2 − 3

x
dx

Our substitution is

x =
√
3 sec θ

How do the limits of integration change?

8. Example 5.

Evaluate
∫

dx

(x2 − 4x)3/2

Complete the square

x
2
− 4x = x

2
− 4x+ 4− 4 = (x− 2)2 − 4

9. Example 6.

Evaluate
∫

√
1− x
√
x

dx
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Try the substitution

x = t
2

dx = 2t dt


