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The Mediant, Contiguous Fractions, and the Farey Sequence

1. BEADS ON A NECKLACE

John’s 4th grade teacher told him that points
on a line are like beads on a necklace.

Since beads touch teach other, John assumed
that points could touch each other.

What do you think? Can two points touch
each other?

3. VICTORIA’S PROBLEM

\Q/ictoria was asked to find a fraction between

g and ?

5. VICTORIA’S DAD’S SOLUTION:

Add the numerator and denominator to get
243 5
54T 12

Is this answer correct?

2. THE 999 QUESTION

Does .999--- =17

If you answered “no,” then do these points
touch each other?

Tell me a point between them?

4. FIFTH GRADE TEXTBOOK SOLUTION

Find the midpoint P of these two fractions:
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6. CALCULATOR HELP

= .40000
= .41666
= 428571 - --

A little help from a calculator shows that
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7. OTHER SOLUTIONS

When her teacher marked Victoria’s answer
incorrent (because it was not the answer she
expected) her father contacted the teacher and
explained that since there is more than one

2
fraction between R and - there is more than

just one answer, with 2 being one of them.
3

How many fractions lie between = and - ?

9. VICTORIA’S THEOREM

a c
If 7 < p are two positive fractions, then

b b+d d

a a—+c c
<

11. CHALLENGE PROOF

I challenge each group to prove Victoria’s The-
orem

a a+c c

b btd S d
You may try more examples, where you re-
place the letters with actual numbers.
But the proof requires you to use just the let-
ters.

13. DANGER — DANGER

This seems a bit naughty—it looks like we are
adding fractions by the totally wrong way
of adding numerator and denominator.

The point is that § @ ¢ is not the sum of the
fractions; it is the mediant.

We must be careful never to confuse & with

+.

8. GENERAL METHOD

It turns out that this method always works
and that, in some sense, it is the very best
possible answer.

10. EXPERIMENT

Split up into groups of 3 or 4.

Each group should think of their own example
of two positive fractions.

Test whether Victoria’s Theorem is true for
your example.

12. THE MEDIANT

Definition. If § and ¢ are positive fractions,

then a+c is called their mediant.
b+d
We will write
a ® ¢ _a+c
b d b+d

14. BASEBALL EXAMPLE

Suppose a batter’s performance over two
games is

Game 1: 3/5 Game 2: 1/3

This means the batter got 3 hits out of 5 offi-
cial at-bats in Game 1 and 1 hit out of 3 official
at-bats in Game 2.

What is the batter’s overage over both games?



15. BASEBALL EXAMPLE CONT’D

A little thought shows that the in the two
games, the batter had 4 = 341 hits in 8 = 5+3
at-bats, for a average of 4/8.

Notice that this is the mediant:
3yl _ 341 _ 4
5 Y3~ 513 8

17. CONTEXT

Everything you do in mathematics depends on
context.

For example, if you eat half a pizza, and two
hours later eat the other half, then you have
eaten % + % = 1, or the whole pizza.

In this example we add the fractions as usual.

19. NICHOLAS

Nicholas’s father saw his eight year old son
lying on the bed in his room, staring at the
ceiling.

“Dad,” said Nicholas, “there are 99 tiles in the
ceiling.”

“That’s great,” said the father. “Did you
count them all?”

“Of course not,” replied the little boy. “There
are 9 tiles one way, and 11 the other.”

We multiply: 9 x 11 =99

21. REDUCED FRACTIONS

In fourth grade we learn that you can simply
a fraction by canceling out a common divisor
of the numerator and denominator.

For example, % = %

In our baseball example, are % and % the
same?

041 _1g10
Does 503 =5@ 3 °

16. ADDING FRACTIONS IS WRONG

You clearly don’t want to add the fractions.
For example, if the batter hits 1/2 on both
days, his (or her) batting average for both days
is clearly not % + % =1

In baseball stats, batting averages are multi-
plied by 1000.

Batting 500 means getting one hit for every
two at-bats (or 50%).

So the equation % + % = 1, would mean that
the player is batting 1000 over both days, that
is, he (or she) never makes an out.

18. THE BRADY BuUNCH

Mike Brady, a widower with three boys, mar-
ries Carol, a widow with three girls.

How many children are in the newly formed
family?

We add: 34+3=26

20. MENTAL CHALLENGE

Can you think of a mathematical problem that
requires

e addition

e multiplication

e the mediant

22. WORKING WITH FRACTIONS

In working with fractions we will assume that a
given fraction ¢ is reduced, that is, all common
multiples of a and b have been canceled.

We will also be working with positive fractions.



23. SIMPLEST ELEMENT

Let S be a set of reduced rational numbers
with distinct denominators greater than zero.
The element of S with least denominator is
said to be the simplest element of S.

What is the simplest element of
G — [l09 2 108 23107
~ 1839121237 30

Answer: %

25. SUMMARY

Given two fractions § < £, the closest distance

that they can be from each other is é.

This minimum distance occurs when
bc —ad = 1.

27. TAPE MEASURES

1
How can you measure the fraction = on a tape

measure where the tick marks are in 16ths of
an inch?
That is, what is the closest fraction on a tape

measure to 5?

1
We know 3= 0.3333---
Multiplying by 16,

1? =15.3333---
So 1 _ 5.3333 - - -
3 16
It looks like the closest fraction to % is 136’ a

mark on a tape measure.

24. CLOSEST FRACTIONS

Given two fractions § < ¢ € Q, what is the

closest distance that can be from each other?

Using the common denominator bd, we have

a _ ad c _ be
b= and =0

The distance between these fractions is

c a be ad_bc—ad

d b bd bd  bd
The numerator bc — ad is positive  Why? and
is an integer. Why?
So the smallest value for the bc — ad is 1.
Why?

26. CONTIGUOUS FRACTIONS

Two fractions § < § which satisfy ad +1 = bc
are called contiguous.

1 _
Note that § + ;5 = 5

28. CHECK IT ouT!

Look at the equation
5 1 3

6 3 8
Are these fractions contiguous?
How do you suppose a carpenter would mark

off one third of an inch?



29. CONTIGUOUS EXAMPLE

Two fractions § < ¢ which satisfy ad +1 = bc
are called contiguous.

2
Shov.v that the fractions % = R and g = - are
contiguous.

Discussion Problem i 3
. a C
How are the fractions — = = and — = = re-

lated to the Pails of Water Problem for 5 and
77

31. GENERAL CASE

It turns out that this behavior is not an acci-
dent.
It is always the case that the mediant of two
contiguous fractions is contiguous to both of
them.

The “Mediant is Contiguous” Theorem.

a c :
Suppose 5 < p are contiguous.

Then the mediant atc
b+d

a c
— and —.

is contiguous to both

I challenge each group to prove this theorem.

33. A DIRECT CHECK

Let’s check this last statement:
12 is the smallest denominator possible for any

fraction between 2 and 3 directly

by examining each choice for denominator d
less than 12:

d=2

Both % and % are less than %

So % is not between them.

% < % and £ < %

So neither = nor % is between them.

WlwWIN

35. IS IT TRUE IN GENERAL?

What if we drop the condition that § and
are contiguous?
Is it still true that the mediant is the simplest
fraction between them?

. . 1
You ;nlght try some examples, like § = 3 and
C

4
d

d 3"

30. EXPLORATION

a 2 c 3

a b c g . d T a c
3 D P is contiguous to both 7 and 7

show that the mediant

Split up into groups of 3 or 4.

Each group should think of their own example
of two contiguous fractions § and §.

Is it true that the mediant is always contiguous
to the endpoints ¢ and § for the example you
thought up?

32. THERE’S MORE

. a c .
It turns out that if 7 < p are contiguous,
a+c
b+d

number between them.

then the mediant

is the simplest rational

2 3
For example, take the fractions — and —.

They are contiguous and their mediant is
2+3 5

547 12

So 12 is the smallest denominator possible for

2 3
any fraction between — and —.
5 7

34. SOME BUSY WORK

Check the denominators:

d = 4: Show that no fraction with denomi-
nator 4 lies between % and %

d = 5: Show that no fraction with denomi-
nator 5 lies between % and %

d = 10: Show that no fraction with denomi-
nator 10 lies between % and %

36. THE FAREY SEQUENCE

How do you go about finding contiguous num-
bers, say in the interval [0, 1]7

Constructive Method: Filter by the size of the
denominators.

Our goal is to construct a sequence of contigu-
ous fractions F,, called the Farey Sequence,
whose denominator is < n.



37. STARTING OUT

The only two fractions with denominator 1 be-
twee 0 and 1 are the endpoints 0 and 1 them-
selves.

0 1 : L0 11
Note that 7 and ; are contiguous: 7 + 17 = 7

1
01
So we start with F; = {I’ I}

39. FIND F3
Start with F; = %, %,% .
The mediant of % and % is
The mediant of % and % is

01121}

q _JZ - 22
°73 {rzn’y1

0+1 __
1+2
1+1
2+1
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41. THE FAREY SEQUENCE F,,

Theorem. F,, consists of all reduced fractions
7 in the interval [0, 1], whose denominator b is
less than or equal to n, arranged in increasing
order.

F, is called the Farey sequence of order n.

It is formed by taking all mediants between
successive elements of F, 1 so long as the re-

sulting denominator is < n.

43. CHALLENGE QQUESTION

Find the fraction % immediately before and

9
the fraction 2 immediately after 31 in the

Farey sequence Fj;.

Hint 1: Pails of Water will get one solution.
Hint 2: Use the mediant equation to get the
other solution.

38. FIND F;

01

11’

what is the simplest fraction between the end-
points % and % ?

Answer: By the previous Theorem, it is
O+1 1

1+1 2
011

Put Fp =4 -, =, ~ 5.

ut 72 {FTI}

40. FIND Fu

Starting with F; =

Compute the mediant of each pair of succes-
sive fractions in F3 = {17 32514
If the denominator of the mediant is < 4, then

include it in F,. Otherwise, discard it.

The mediant of € and L is &L = 1 Include
. 1 35 143 T 1
1t.

. l l . 1+1 2 .
The mediant of 3 and 5 I8 55 = . Since

5 > 4, do not include it.

The mediant of % and % is % Do not include
it.

The mediant of % and % is 2. Include it.

0111231}

SO Fi=14m " ooy
0 J4 {17473a2737471

42. GrROUP WORK

Break into groups and find
Fs

Fe

Fr

Fs

For homework, find

Fo9

Fio-

44. THE END
That’s all folks — P. Pig.



