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Beads on a Necklace
John’s 4th grade teacher told him that points on a line
are like beads on a necklace.
Since beads touch teach other, John assumed that
points could touch each other.
What do you think? Can two points touch each other?
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The 999 Question

Does .999 · · · = 1 ?
If you answered “no,” then do these points touch each
other?
Tell me a point between them?



Victoria’s Problem

Victoria was asked to find a fraction between
2

5
and

3

7
.
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Fifth Grade Textbook Solution
Find the midpoint P of these two fractions:

P=
1

2

(2

5
+

3

7

)

=
1

2

(14

35
+

15

35

)

=
1

2
×

29

35

=
29

70
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Victoria’s Dad’s Solution:
Add the numerator and denominator to get

M =
2 + 3

5 + 7
=

5

12

Is this answer correct?
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Calculator Help

A little help from a calculator shows that
2

5
= .40000

5

12
= .41666

3

7
= .428571 · · ·

So
2

5
<

5

12
<

3

7
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Other Solutions
When her teacher marked Victoria’s answer incorrent
(because it was not the answer she expected) her
father contacted the teacher and explained that since

there is more than one fraction between
2

5
and

3

7
, there

is more than just one answer, with
5

12
being one of

them.

How many fractions lie between
2

5
and

3

7
?
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General Method
It turns out that this method always works and that, in
some sense,



General Method
It turns out that this method always works and that, in
some sense, it is the very best possible answer.
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Victoria’s Theorem

If
a

b
<

c

d
are two positive fractions, then

a

b
<

a+ c

b+ d
<

c

d
.
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Experiment

Split up into groups of 3 or 4.
Each group should think of their own example of two
positive fractions.
Test whether Victoria’s Theorem is true for your
example.
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Challenge Proof

I challenge each group to prove Victoria’s Theorem

a

b
<

a+ c

b+ d
<

c

d
.

You may try more examples, where you replace the
letters with actual numbers.
But the proof requires you to use just the letters.
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The Mediant
Definition. If a

b
and c

d
are positive fractions, then

a+ c

b+ d
is called their mediant.

We will write
a

b
⊕

c

d
=

a+ c

b+ d
.
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Danger – Danger

This seems a bit naughty—it looks like we are adding
fractions by the totally wrong way of adding
numerator and denominator.
The point is that a

b
⊕ c

d
is not the sum of the fractions;

it is the mediant.
We must be careful never to confuse ⊕ with +.
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Baseball Example

Suppose a batter’s performance over two games is

Game 1: 3/5 Game 2: 1/3
This means the batter got 3 hits out of 5 official at-bats
in Game 1 and 1 hit out of 3 official at-bats in Game 2.
What is the batter’s overage over both games?
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A little thought shows that in the two games, the
batter had 4 = 3 + 1 hits in 8 = 5 + 3 at-bats, for a
average of 4/8.
Notice that this is the mediant:
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Baseball Example Cont’d

A little thought shows that in the two games, the
batter had 4 = 3 + 1 hits in 8 = 5 + 3 at-bats, for a
average of 4/8.
Notice that this is the mediant:
3

5
⊕ 1

3
= 3+1

5+3
= 4

8
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Adding fractions is wrong

You don’t want to add the fractions.
For example, if the batter hits 1/2 on both days, his
(or her) batting average for both days is clearly not
1

2
+ 1

2
= 1.

In baseball stats, batting averages are multiplied by
1000.
Batting 500 means getting one hit for every two
at-bats (or 50%).

So the equation 1

2
+ 1

2
= 1, would mean that the player

is batting 1000 over both days, that is, he (or she)
never makes an out.
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Context
Everything you do in mathematics depends on
context.
For example, if you eat half a pizza, and two hours

later eat the other half, then you have eaten 1

2
+ 1

2
= 1,

or the whole pizza.
In this example we add the fractions as usual.
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The Brady Bunch

Mike Brady, a widower with three boys, marries
Carol, a widow with three girls.
How many children are in the newly formed family?
We add: 3 + 3 = 6
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Nicholas
Nicholas’s father saw his eight year old son lying on
the bed in his room, staring at the ceiling.
“Dad,” said Nicholas, “there are 99 tiles in the
ceiling.”
“That’s great,” said the father. “Did you count them
all?”
“Of course not,” replied the little boy. “There are 9
tiles one way, and 11 the other.”
We multiply: 9× 11 = 99
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Reduced Fractions
In fourth grade we learn that you can simply a fraction
by canceling out a common divisor of the numerator
and denominator.
For example, 10

20
= 1

2
.

In our baseball example, are 10

20
and 1

2
the same?

Does 10

20
⊕ 1

3
= 1

2
⊕ 1

3
?
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We will also be working with positive fractions.
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Simplest element

Let S be a set of reduced rational numbers with
distinct denominators greater than zero.
The element of S with least denominator is said to be
the simplest element of S.
What is the simplest element of

S = {109

83
, 2

91
, 108

1237
, 23107

30
}
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Closest fractions
Given two fractions a

b
< c

d
∈ Q, what is the closest

distance that can be from each other?
Using the common denominator bd, we have
a

b
= ad

bd
and c

d
= bc

bd
.

The distance between these fractions is

c

d
−

a

b
=

bc

bd
−

ad

bd
=

bc− ad

bd
.

The numerator bc− ad is positive Why? and is an
integer. Why?
So the smallest value for the bc− ad is 1. Why?
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Summary

Given two fractions a

b
< c

d
, the closest distance that

they can be from each other is 1

bd
.

This minimum distance occurs when

bc− ad = 1.
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Contiguous fractions

Two fractions a

b
< c

d
which satisfy ad+ 1 = bc are

called contiguous.

Note that a

b
+ 1

bd
= c

d
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Tape Measures

How can you measure the fraction
1

3
on a tape

measure where the tick marks are in 16ths of an inch?
That is, what is the closest fraction on a tape measure

to
1

3
?

We know
1

3
= 0.3333 · · ·

Multiplying by 16,
16

3
= 5.3333 · · ·

So
1

3
=

5.3333 · · ·

16

It looks like the closest fraction to
1

3
is

5

16
, a mark on

a tape measure.
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Check it out!
Look at the equation

5

16
<

1

3
<

3

8

Are these fractions contiguous?
How do you suppose a carpenter would mark off one
third of an inch?
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Contiguous Example

Two fractions a

b
< c

d
which satisfy ad+ 1 = bc are

called contiguous.

Show that the fractions
a

b
=

2

5
and

c

d
=

3

7
are

contiguous.
Discussion Problem

How are the fractions
a

b
=

2

5
and

c

d
=

3

7
related to the

Pails of Water Problem for 5 and 7?
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Exploration

If
a

b
=

2

5
and

c

d
=

3

7
, show that the mediant

a

b
⊕

c

d
is

contiguous to both
a

b
and

c

d
.

Split up into groups of 3 or 4.
Each group should think of their own example of two
contiguous fractions a

b
and c

d
.

Is it true that the mediant is always contiguous to the
endpoints a

b
and c

d
for the example you thought up?
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It turns out that this behavior is not an accident.
It is always the case that the mediant of two
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The “Mediant is Contiguous” Theorem.

Suppose
a

b
<

c

d
are contiguous.

Then the mediant
a+ c

b+ d
is contiguous to both

a

b
and

c

d
.

I challenge each group to prove this theorem.
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A direct check
Let’s check this last statement:
12 is the smallest denominator possible for any

fraction between
2

5
and

3

7
directly

by examining each choice for denominator d less than
12:
d = 2
Both 2

5
and 3

7
are less than 1

2
.

So 1

2
is not between them.

1

3
< 2

5
and 2

3
< 3

7
.

So neither 1

3
nor 1

3
is between them.
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Some busy work

Check the denominators:
d = 4: Show that no fraction with denominator 4
lies between 2

5
and 3

7
.

d = 5: Show that no fraction with denominator 5
lies between 2

5
and 3

7
.

d = 10: Show that no fraction with denominator 10
lies between 2

5
and 3

7
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Is it true in general?

What if we drop the condition that a

b
and c

d
are

contiguous?
Is it still true that the mediant is the simplest fraction
between them?
You might try some examples, like a

b
= 1

3
and c

d
= 2

3
.
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The Farey Sequence

How do you go about finding contiguous numbers,

say in the interval [0, 1]?
Constructive Method: Filter by the size of the
denominators.
Our goal is to construct a sequence of contiguous
fractions Fn whose denominator is ≤ n.
Our goal is to construct a sequence of contiguous
fractions Fn, called the Farey Sequence, whose
denominator is ≤ n.



Starting out

The only two fractions with denominator 1 betwee 0
and 1 are the endpoints 0 and 1 themselves.



Starting out

The only two fractions with denominator 1 betwee 0
and 1 are the endpoints 0 and 1 themselves.

Note that 0

1
and 1

1
are contiguous:



Starting out

The only two fractions with denominator 1 betwee 0
and 1 are the endpoints 0 and 1 themselves.

Note that 0

1
and 1

1
are contiguous: 0

1
+ 1

1·1 =
1

1



Starting out

The only two fractions with denominator 1 betwee 0
and 1 are the endpoints 0 and 1 themselves.

Note that 0

1
and 1

1
are contiguous: 0

1
+ 1

1·1 =
1

1

So we start with F1 =

{

0

1
,
1

1

}

.



Find F2

Starting with F1 =

{

0

1
,
1

1

}

,



Find F2

Starting with F1 =

{

0

1
,
1

1

}

,

what is the simplest fraction between the endpoints 0

1

and 1

1
?



Find F2

Starting with F1 =

{

0

1
,
1

1

}

,

what is the simplest fraction between the endpoints 0

1

and 1

1
?

Answer: By the previous Theorem, it is
0 + 1

1 + 1
=

1

2
.



Find F2

Starting with F1 =

{

0
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what is the simplest fraction between the endpoints 0

1
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Answer: By the previous Theorem, it is
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1 + 1
=

1

2
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Put F2 =

{

0

1
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1

2
,
1

1

}
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The only two fractions with denominator 1 betwee 0
and 1 are the endpoints 0 and 1 themselves.

Note that 0

1
and 1

1
are contiguous: 0

1
+ 1

1·1 =
1

1

So we start with F1 =

{

0

1
,
1

1

}
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Answer: By the previous Theorem, it is
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Start with F2 =
{

0

1
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, 1
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1
and 1

2
is 0+1
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= 1

3
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2
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1
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Group Work

Find the fraction
a

b
immediately before and the

fraction
c

d
immediately after

9

31
in the Farey sequence

F31.
Hint 1: Pails of Water will get one solution.
Hint 2: Use the mediant equation to get the other
solution.
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